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We observe that numerals with superlative modifiers – at least and at most – are
systematically unacceptable with certain focus particles, most notably even. We
analyze the infelicity of such sentences as arising from a clash between the pre-
supposition of the focus particle and the obligatory implicature of the superlative
modifier. We claim that to obtain these results it is crucial to make the follow-
ing two assumptions: (i) the set of alternatives that focus particles operate on is
generated by the same mechanism as the set of alternatives for implicatures, and
(ii) additive presuppositions are de re.
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1 Introduction

The main puzzle that we would like to grapple with in this paper consists in the
observation that numerals with superlative modifiers – at least and at most – are
unacceptable with focus particles like even, as demonstrated by (1). We employ
nominal ellipsis in this example to force the intended, narrow focus structure.
We mark the focused element by 𝐹 throughout this paper.

(1) I speak two languages. #James even speaks [at least five]𝐹 .

To show that the infelicity of sentences like this is indeed a puzzle, let us go
through some similar cases. Firstly, observe that when associating with a bare
numeral, even means that the number is big in a given situation.

(2) I speak two languages. James even speaks five𝐹 .
⇝ James speaks many languages
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A similar inference is observed with a comparative modifier.

(3) ? I speak two languages. James even speaks [more than four]𝐹 .
⇝ James speaks many languages

Although some of the speakers of English we consulted do not like (3) as much
as (2), all of them judge (1) to be worse. Crucially, the contrast between (1) and (3)
suggests that the intended meaning of (1) itself is not the source of its infelicity.

It is also important to point out that focussing a numeral with a superlative
modifier does not necessarily result in infelicity. Concretely, when the focus is
interpreted broadly, even + at least 𝑛 becomes felicitous, as the following example
demonstrates.

(4) James did everything to impress the interviewers.
He sang songs in three different languages, and even [answered
questions in at least five]𝐹 during the interview.

Furthermore, we observe that only, another focus particle, can felicitously asso-
ciate with at most 𝑛, as well as fewer than 𝑛, as shown in (5).1

(5) I speak five languages. James only speaks { a. [at most three]𝐹 .
b. [fewer than four]𝐹 .

These observations suggest that the infelicity of examples like (1) is not due to
failure of focus association. Then, why can (1) not mean something similar to (3)?

We claim that the culprit is a conflict between the obligatory ignorance im-
plicature of at least five and the additive presupposition of even. Simply put, the
ignorance implicature of (1) implies that the speaker is not sure whether James
speaks exactly five languages or more than five languages, but its additive pre-
supposition requires that the speaker be sure that James speaks 𝑛 languages, for
some particular number 𝑛 ≥ 5. Evidently these two inferences cannot hold at the
same time.

We furthermore claim that in order to obtain this result, it is necessary to
assume that the set of alternatives that focus particles operate on is generated by
the same mechanism as the set of alternatives used for computing implicatures,
as previously proposed by Rooth (1992) and Fox & Katzir (2011) on independent
grounds, and that the additive presupposition of even is de re, in the sense to be
made clear later (Kripke 2009).

1It turns out that even cannot felicitously associate with at most 𝑛, and only cannot felicitously
associate with at least 𝑛. But we think that these cases need a separate explanation, as their
comparative counterparts are also infelicitous. We will discuss relevant examples and sketch
an analysis in the appendix.
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15 Even superlative modifiers

The paper is organized as follows. We will first discuss the semantics and prag-
matics of superlative modifiers in detail in §2, and the presuppositions that even
triggers in §3. In §4, we will then put these two ingredients together to show
how the infelicity of examples like (1) can be accounted for. We will also discuss
some predictions of our analysis there. §5 contains conclusions and remarks on
some additional open questions.

2 The implicatures of numerals with superlative modifiers

2.1 The ignorance inference as an obligatory implicature

One of the notable characteristics of numerals with superlative modifiers is that
they often give rise to ignorance inferences very robustly (Cohen & Krifka 2014,
Büring 2007, Geurts & Nouwen 2007, among others). Concretely, consider the
following examples.

(6) a. ?? I have at least three children.
b. ?? I have at most four children.

These examples very strongly suggest that the speaker does not know the exact
number of his or her children, which, in normal circumstances, is perceived to
be odd. A similar remark applies to the following examples.

(7) a. ?? A triangle has at least two sides.
b. ?? A triangle has at most four sides.

What exactly is the content of the ignorance inference of a numeral with a su-
perlative modifier? It is clear that it is not ignorance about every number in the
range of the modified numeral. That is, (8) below does not imply that for each
number 𝑛 greater than two, the speaker does not knowwhether or not Jacopo has
exactly 𝑛 many children, schematically: ∀𝑛 > 2[¬𝐵(𝑛) ∧ ¬𝐵(¬𝑛)], where each 𝑛
represents the proposition that Jacopo has exactly 𝑛 children, and > orders these
propositions according to the natural order of natural numbers. This is evidently
too strong, because the sentence is perfectly felicitous even when the speaker is
sure that Jacopo does not have 10 or more children, for example.

(8) Jacopo has at least three children.

Similarly, the ignorance inference is not that for each number 𝑛 greater than two,
the speaker either believes the negation of the proposition that Jacopo has exactly
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𝑛 many children or is not certain about the truth of this proposition, schemati-
cally: ∀𝑛 > 2[𝐵(¬𝑛) ∨ ¬𝐵(𝑛)]. This is weaker than the previous hypothesis, but
it is now too weak, because this is compatible with the speaker believing that
Jacopo does not have exactly three children, and has at least four, as long as he
or she is not certain about any number above three. This is a bad prediction, as
the sentence is perceived as infelicitous if that is the case.

The ignorance inference of (8) can more aptly characterized as follows (see
Büring 2007, Mayr 2013, Schwarz 2016): the speaker is uncertain about whether
or not Jacopo has exactly three children, and about whether or not he has more
than three children, schematically: ¬𝐵(3)∧¬𝐵(¬3)∧¬𝐵(>3)∧¬𝐵(¬>3). Similarly,
the ignorance inference of (9) is that the speaker is uncertain about whether or
not Jacopo has exactly three children, andwhether or not he has fewer than three
children, schematically: ¬𝐵(3) ∧ ¬𝐵(¬3) ∧ ¬𝐵(<3) ∧ ¬𝐵(¬<3).
(9) Jacopo has at most three children.

Wewill assume these characterizations of the ignorance inferences of superlative
modifiers in the rest of the paper.

Previous studies on this topic, furthermore, regard the ignorance inference of
a superlative modifier to be a kind of implicature, and we adopt this idea (Büring
2007, Mayr 2013, Schwarz 2016, Buccola & Haida 2018, Mendia 2018; see also
Geurts & Nouwen 2007, Coppock & Brochhagen 2013, Cohen & Krifka 2014 for
other related ideas). Empirical support for this analysis comes from the obser-
vation that it exhibits characteristic properties of implicatures with respect to
certain linguistic operators. For instance, under a necessity operator, the igno-
rance inference can disappear.

(10) Andy doesn’t need to write papers, but Patrick needs to write at least
three.

This example has a reading without ignorance inferences (in addition to one with
ignorance inferences). Instead, it has a scalar implicature implying that it is ok if
Patrick writes exactly three papers, and it is also ok if Patrick writes more than
three papers.

This behavior is reminiscent of more familiar cases of (generalized) implica-
tures that arise from items like or. Specifically, or gives rise to ignorance impli-
catures and a scalar implicature in sentences like the following.

(11) Katie speaks French or German.
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The ignorance implicatures of this example are that the speaker does not know
whether or not Katie speaks French or whether or not she speaks German, and
the scalar implicature is that Katie does not speak both French and German.
When embedded under a universal quantifier, these ignorance implicatures turn
into scalar implicatures, as demonstrated by (12).

(12) Katie is required to speak French or German.

That is, (12) has a reading with scalar implicatures that Katie is not required to
speak French and that she is not required to speak German. As we will discuss
below, this observation is standardly accounted for by theories of scalar implica-
tures. Given the parallel behavior exhibited by numerals with superlative modi-
fiers, it would be desirable to extend the scalar implicature approach to them as
well.

Before moving on, it should be remarked that implicatures of this kind are
very robust, especially in comparison to particularized conversational implica-
tures, and sometimes even considered to be obligatory. To capture this, it could
be hypothesized that or and superlative modifiers obligatorily activate alterna-
tives and demand some inference to be derived from them, for example. This is
a well-discussed issue in the current theoretical literature, and why that is so is
far from settled and different views have been proposed in different theoretical
frameworks (see, for example, Levinson 2000, Magri 2009, Schwarz 2016, Buccola
& Haida 2019). For the purposes of this paper, fortunately, we need not make the-
oretical commitments regarding this issue, although as we will discuss now, we
will have to make specific assumptions about the alternatives that superlative
modifiers activate.

2.2 Alternatives of superlative modifiers

We assume the assertive meanings of at least 𝑛 and at most 𝑛 to be simply lower-
bounded at 𝑛 and upper-bounded at 𝑛, respectively. The compositional details of
how that is derived do not matter much here (but see §5). To derive the ignorance
inference of a superlative modifier as an implicature, previous studies postulate
particular sets of implicature alternatives for them (Cohen & Krifka 2014, Büring
2007, Mayr 2013, Schwarz 2016, Mendia 2018; see also Coppock & Brochhagen
2013). We adopt the following idea from Büring (2007) and Schwarz (2016).

(13) a. ALT(⌜at least 𝑛⌝) = {⌜at least 𝑛⌝,⌜at least 𝑛 + 1⌝, ⌜exactly 𝑛⌝}
b. ALT(⌜at most 𝑛⌝) = {⌜at most 𝑛⌝, ⌜at most 𝑛 − 1⌝, ⌜exactly 𝑛⌝}
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Note that the assertive meanings of the alternatives at least 𝑛 + 1 and exactly 𝑛
are independent from each other, but both of them are stronger than that of at
least 𝑛 (in terms of generalized entailment). Similarly, the assertive meanings of
at most 𝑛−1 and exactly 𝑛 are independent from each other, but are both stronger
than that of at most 𝑛.

Notice importantly that if these stronger alternatives are both negated, the
overall meaning will be contradictory. In order to see this, consider (14).

(14) James speaks at least five languages.
a. Alternatives: James speaks at least six languages.
b. Alternatives: James speaks exactly five languages.

The assertive meaning of (14) is that James speaks five or more languages. If the
first alternative is negated, it will imply that James speaks exactly five languages.
If the second alternative is also negated, then, the entire meaning will be contra-
dictory.

Generally, when there are non-weaker alternatives that cannot be negated si-
multaneously while maintaining consistency with the assertion, each of them
gives rise to an ignorance implicature (Sauerland 2004, Fox 2007, Mayr 2013,
Meyer 2013, Schwarz 2016). This is exactly how the ignorance implicatures of or
are accounted for. For instance, consider the following example with the three
alternatives given here.

(15) Katie speaks French or German.
a. Alternative: Katie speaks French.
b. Alternative: Katie speaks German.
c. Alternative: Katie speaks French and German.

Among these alternatives, (15a) and (15b) cannot be negated simultaneously to
maintain consistency with what is asserted, and they indeed give rise to igno-
rance implicatures that the speaker does not know whether or not Katie speaks
French, and does not know whether or not she speaks German.

The classical way to derive ignorance implicatures is by resorting to themaxim
of quantity.2 Notice that in the above example, all three alternatives are stronger
than what is asserted. It is reasonable to assume that utterances of these alterna-
tives would have respected the maxim of manner and the maxim of relevance,

2Alternatively, we could use a “grammatical theory” of ignorance implicatures (Meyer 2013,
Buccola & Haida 2019) without any crucial changes in our analysis.
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so given the speaker must be obeying the maxim of quantity, it must be the case
that the speaker would have flouted the maxim of quality. What this implies is
that the speaker’s beliefs do not support the truths of these alternatives. Together
with the assumption that the speaker respects the maxim of quality and so be-
lieves the truth of what she asserted, this amounts to the ignorance implicatures
of the sentence.

Now, using the same mechanism, we can derive the ignorance implicatures
of numerals with superlative modifiers. They simply amount to the fact that the
speaker’s beliefs do not entail the truths of the stronger alternatives to the preje-
cent. Together with the assertive meaning of the prejacent, the overall meaning
entails the ignorance inferences we wanted to derive.

In the case of or there is also a scalar implicature to be accounted for. For
(15) above, for example, the scalar implicature is that (15c) is false. This needs
an additional explanation. Sauerland (2004), for example, assumes that scalar im-
plicatures are also derived from ignorance implicatures by additional reasoning
called the epistemic step, which strengthens the above quantity implicatures to
the speaker’s beliefs about the falsity of the alternatives, as long as consistency
with the rest of the meaning can be maintained. Alternatively, one could assume
that scalar implicatures are derived by a separate mechanism, as proposed by
Fox (2007), for example (see also Buccola & Haida (2019) for more discussion).
According to Fox (2007), the scalar implicatures are first generated by negating
all the alternatives that can be negated while maintaining consistency, and then
those that were not negated in this process give rise to scalar implicatures.

For the purposes of this paper, we do not have to choose between these the-
oretical options, but one nice consequence of the implicature approach we are
considering here is that it also explains with the same set of alternatives cases
where scalar implicatures are observed instead of ignorance implicatures, such
as (10) and (12). Let us consider the former example (the analysis of the latter is
parallel). The relevant alternatives are:

(16) a. Patrick needs to write exactly three (papers).
b. Patrick needs to write at least four (papers).

Since the negations of these alternatives are consistent with what is asserted,
they give rise to scalar implicatures, rather than ignorance implicatures.3

3As we remarked in passing, (10) also allows for a reading with an ignorance implicature. One
way to derive this is by assigning wider scope to at least three, above the necessity modal, but
the compositional details are a little complicated, as the (implicit) existential quantifier should
stay under the scope of the modal. See, for example, Cohen & Krifka (2014), Hackl (2000), Beck
(2012) for relevant discussion.
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3 The presuppositions of even

Let us now discuss the second ingredient, the presuppositions of even. It is stan-
dardly considered that the focus particle even triggers two presuppositions, an
additive presupposition and a scalar presupposition, based on a contextually rele-
vant set of focus alternatives to the sentence it modifies, the prejacent (see Kart-
tunen & Peters 1979, Rooth 1985, Kay 1990, Wilkinson 1996, Crnič 2011, among
others).4

(17) ⌜Even 𝜙⌝ presupposes:
a. 𝜙 is relatively unlikely among ALT(𝜙) Scalar
b. 𝜓 is true, for some 𝜓 ∈ ALT(𝜙) that is not entailed by 𝜙 Additive

A couple of remarks are in order. Firstly, we state the scalar presupposition in
terms of likelihood, but whether or not this is an accurate characterization in the
general case is highly controversial and alternative ideas have been put forward
that make use of other kinds of ordering among alternatives (Rooth 1985, Kay
1990, Herburger 2000, Greenberg 2018). Furthermore, these previous studies do
not agree on how exactly the alternatives are quantified over. Specifically some
argue that all the alternatives distinct from the prejacent must be ranked higher
with respect to the relevant ordering, while others assume something weaker
like we do above, or even weaker with existential quantification. There is no
consensus on these issues in the literature, and we certainly cannot settle them in
this paper, so we remain somewhat loose on these points. Therefore, our account
to be developed below should ideally not rely on a particular way of stating the
scalar presupposition.

Secondly, there is a separate debate as to whether the additive presupposition
is actually part of the core semantics of even or it comes from something else
(Rullmann 1997, Crnič 2011, Francis 2018). One of the main reasons to think that it
is not inherently part of the semantics of even is that the additive presupposition
does not seem to be present in certain examples, although the judgments might
not be stable across speakers, as noted by Francis (2018). For now, we treat the
additive presupposition as part of the semantics of even, as in (17), and discuss
relevant cases and issues they pose for our account at the end of the paper.

4For our purposes we can assume that even always takes propositional scope. Depending on
one’s syntactic assumptions, some examples might require covert movement of even, but we
could also dispense with such a scope-taking mechanism by type-generalizing the meaning
given here, as done by Rooth (1985) (see also Panizza & Sudo 2020).
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It should also be noted that we state the additive presupposition in a particular
way, namely as a de re presupposition, rather than as an existential presupposi-
tion about the existence of a true non-entailed alternative. We will come back to
this point, after presenting our analysis in the next section.

Now, let us illustrate how the above semantics of even works with a simple
example in (18).

(18) Even James𝐹 danced.

We follow Fox & Katzir (2011) in assuming that focus alternatives are contextu-
ally relevant expressions that are obtained by replacing the 𝐹 -marked constituent
with alternative expressions. Without loss of generality, let us assume the follow-
ing set of alternatives here.

{ James danced, Katie danced,
Lucas danced, Ruoying danced

}

The scalar presupposition is that James was relatively unlikely to dance, com-
pared to the other people mentioned here, and the additive presupposition re-
quires there to be someone else than James that danced. This seems to capture
the intuitive meaning of the sentence in (18).

4 Analysis

4.1 Putting the ingredients together

With what we discussed in the previous two sections, we are now ready to come
back to our main puzzle. We will use the following sentence as a representative
example.

(19) # James even speaks [at least three]𝐹 languages.

What are the focus alternatives that even operates on here? Following Fox &
Katzir (2011), we crucially assume that the alternatives that focus particles op-
erate on and the alternatives used for computing implicatures are generated by
the same mechanism. Concretely, even in (19) will operate on the following set
of alternatives.

{
James speaks at least three languages,
James speaks at least four languages,
James speaks exactly three languages

}
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With this set of alternatives, let us compute the scalar and additive presupposi-
tions predicted by the semantics of even reviewed in the previous section. If either
of them is not satisfiable, we have an account of the infelicity of the sentence.

The scalar presupposition will be that the prejacent of even, i.e. the top sen-
tence in the above set, is relatively unlikely to be true. Note that this is unsatisfi-
able, because it is the weakest element in this set in the sense that the other two
alternatives asymmetrically entail it. Since probability is monotonic with respect
to entailment, the prejacent can at most be as likely as the other two, and cannot
be less likely.

However, we are reluctant to see this as a satisfactory account of the infelicity
of (19). As we mentioned in the previous section, there is a debate about how
the scalar presupposition of even should be stated, in particular, with respect
to which ordering to use. The above explanation depends crucially on the mono-
tonicity of probability with respect to entailment, but if the scalar presupposition
turns out to be able to use ordering that is not monotonic with respect to entail-
ment, the scalar implicature may actually come out as satisfiable. In fact, such
notions as remarkableness or noteworthiness are non-monotonic with respect
to entailment and seem to be good candidates for the semantics of even.

Moreover, a more empirical reason to eschew this explanation comes from the
fact that only can felicitouslymodify atmost 𝑛, as we saw in (5).When associating
with a numeral, only generally triggers a scalar inference that the amount in
question is small. The acceptability of the inference in (5) suggests that a scalar
inference and the ignorance inference of a superlative modifier are compatible
with each other.

For these reasons, we think that the scalar presupposition is actually not prob-
lematic after all. Rather, we propose that the real culprit is the additive presuppo-
sition. We will present additional evidence that this is the case later that comes
from an additive particle like too, but let’s first see how it can render the example
in (19) infelicitous.

The additive presupposition says of at least one alternative that is not weaker
than the prejacent that it is true. In the above set, therefore, either it is presup-
posed that James speaks at least four languages or that James speaks exactly
three languages.

Turning now to the ignorance implicatures of (19) there are two candidates for
the set of alternatives: (i) the set of alternatives is identical to the set we consid-
ered above for computing the presupposition of even, or (ii) it is the following
set, where each member contains even.5

5An anonymous reviewer asks if (i) is possible at all. If one assumes the Roothian Alternative
Semantics (Rooth 1992), as we do here, there is a natural way of making sense of it. Under
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{
James even speaks at least three languages,
James even speaks at least four languages,
James even speaks exactly three languages

}

The only difference between the two sets is the presence/absence of the particle
even, whose assertive meaning is vacuous. It is currently a hotly debated issue
how presuppositions behave in the computation of implicatures (e.g. Gajewski
& Sharvit 2012, Spector & Sudo 2017, Marty 2017, Anvari 2019), and the current
literature contains no explicit discussion of the behavior of even in implicatures,
or how presuppositions of alternatives behave in the computation of ignorance
implicatures, as opposed to scalar implicatures. For this reason, this issue will
remain as another open question, but for our purposes in this paper, it is enough
to approach this issue bottom-up. That is, the examples in (4) and (5) contain
numerals with superlative modifiers and focus particles, and crucially, they have
the same ignorance implicatures as the versions of these sentences without the
focus particles. Extending this to example (19), we expect it to have the same
ignorance implicatures as the version of the sentence without even. Theoretically,
we could obtain this result by forcing the option (i) above, or by adopting (ii) but
somehow making sure that the computation of ignorance implicatures ignores
even, which we will leave open here.

Now notice crucially that the ignorance implicatures of (19) contradict the ad-
ditive presupposition of even. Specifically, the additive presupposition is either
that James speaks at least four languages or that James speaks exactly three lan-
guages, but then it must be the case that the speaker believes it to be true, and so
cannot be ignorant about its truth (cf. Stalnaker 1978). We claim that this conflict
is what is behind the infelicity of (19).

To reiterate the crucial assumption of our analysis, the focus alternatives that
even operates on are generated in the same way as the alternatives that give rise
to ignorance implicatures, based on the alternatives of numerals with superlative
modifiers in (13) (cf. Rooth 1992, Fox & Katzir 2011). If not, the additive presuppo-
sition could well be compatible with the ignorance implicatures. That is, if the
additive presupposition could be about an alternative that was not in the set of
alternatives for the ignorance implicatures, the truth of that alternative would
not conflict with the ignorance implicatures.

this framework, the set of alternatives for even is structurally represented as the complement
of the ∼-operator, and there is no reason why the mechanism used for generating ignorance
implicatures cannot make use of the same set. It should also be noted that for (ii), it needs to be
assumed that even does not always make the set of alternatives trivial, contrary to what Rooth
(1992) stipulates. As Krifka (1991) and Panizza & Sudo (2020) discuss, there is independent
evidence for abandoning Rooth’s stipulation.
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4.2 De re additive presuppositions

Notice at this point that it is crucial for us that the additive presupposition is
about a particular alternative, and in this sense de re. More specifically, the addi-
tive presupposition of even 𝜙 is satisfied in a given context if the truth of some
alternative not weaker than 𝜙 is common ground. This contrasts with an existen-
tial presupposition, which says that it is common ground that some alternative
not weaker than 𝜙 is true. Such an existential presupposition is too weak for our
purposes, as it is compatible with the ignorance implicature that the speaker does
not know which non-weaker alternative is true.

There is independent empirical reason to adopt the de re additive presuppo-
sition. Kripke (2009) argues that the additive presuppositions that additive par-
ticles like too trigger are similarly stronger than existential, based on examples
like the following (see also Geurts & van der Sandt 2004; but see Ruys 2015).

(20) Sam𝐹 is having dinner in New York tonight, too.

If it is merely existential, the presupposition that there is someone else having
dinner in New York tonight will be very easy to satisfy. Rather, the intuition tells
us that this sentence requires a prior mention of some particular individual, who
is at least known to be in New York tonight, and perhaps also known to be going
to have dinner there.

We observe that even behaves similarly in this regard. To see this, consider the
following example.

(21) Even Daniele𝐹 has a bike.

Intuitively, this example similarly requires it to be clear in the context which
alternative or alternatives are relevant, at least.

Kripke (2009) analyzes the additive presupposition of too to be anaphoric. That
is, it is not merely propositional but contains an anaphoric component that needs
to be resolved to an antecedent accessible in the discourse that satisfies the rel-
evant property. For example, the additive presupposition of (20) above has an
anaphoric component that needs to be resolved, and then it furthermore presup-
poses that that individual is going to have dinner in New York (see also Geurts
& van der Sandt 2004). We essentially adopt this analysis for even, but the way
we state it is slightly weaker, as it does not have an anaphoric component, but
an existential quantifier over alternatives that is de re with respect to the pre-
suppositional attitude. At this point, we cannot tease apart these two analytical
possibilities on empirical grounds, and we could as well adopt Kripke’s idea, but
crucially, both types of analyses, when applied to (19), will result in a conflict
with the ignorance inference.
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4.3 Predictions

One prediction that our analysis makes is that the additive particle should also
give rise to infelicity, when used in a sentence like (19) in place of even, be-
cause the conflict should arise as long as an additive presupposition is triggered.
This prediction is borne out. Note, however, the infelicity of an example like
the following is not telling, because the truth-conditional meanings of the two
sentences are simply incompatible with each other anyway.

(22) Daniele speaks exactly two languages. #He speaks [at least three]𝐹 , too.

Rather, we need to look at examples like (23).

(23) Daniele is allowed to smoke exactly two cigarettes today. #He is allowed
to smoke [at least three]𝐹 , too.

Here, the truth-conditional meanings of the two sentences should be compatible
with each other. In fact, the comparative version of this example is perfectly
felicitous.

(24) Daniele is allowed to smoke exactly two cigarettes today. He is allowed
to smoke [more than two]𝐹 , too.

According to our account, (23) is rendered infelicitous because of the clash be-
tween the additive presupposition and the ignorance implicature.6

Another prediction wemake is that a similar conflict should arise with a scalar
implicature of a superlative modifier as well. In order to see this, consider the
following example, which is infelicitous.

(25) Andy is giving two lectures at the summer school. #Patrick is even
required to give [at least four]𝐹 .

Recall that a superlative modifier gives rise to a scalar implicature under a uni-
versal quantifier like a necessity modal. The second sentence of this example,
therefore, has a scalar implicature that Patrick is not required to give exactly
four lectures and he is not required to give more than four lectures. On the other
hand, the additive presupposition requires that it be presupposed that Patrick is
required to give exactly four lectures, or that he is required to give more than
four. This clash explains the infelicity.

6It is actually an open issue why the second sentence of (23) has to have an ignorance implica-
ture, rather than a scalar implicature. See Buccola & Haida (2018) for discussion.
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5 Conclusion and open issues

To summarize, we have developed an account of the observation that numer-
als with superlative modifiers are not compatible with focus particles like even,
which as far as we know has not been previously discussed. We proposed that
what causes the infelicity is the additive presupposition triggered by even, which
conflicts with the ignorance implicature of the numeral with the superlative
modifier. We remarked that in order to obtain these results, two theoretical as-
sumptions are necessary: (i) the set of alternatives for implicatures and the set
of alternatives for focus operators are generated in the same way based on the
alternatives for numerals with superlative modifiers (Fox & Katzir 2011, Rooth
1992, Mendia 2018), and (ii) the additive presupposition is stronger than a merely
existential presupposition, and is de re (Kripke 2009, Geurts & van der Sandt
2004). Both of these points have been proposed in the literature on independent
grounds, and we hope to have provided further support for them in this paper.
Before closing, we will discuss some open issues that arise from our analysis.

5.1 Alternatives of superlative modifiers

In Section 2, we simply followed previous analyses and postulated particular sets
of alternatives for numerals with superlative modifiers, but we did not provide a
principled account as towhy these alternativesmust be used. In fact, this is one of
the open issues discussed in Schwarz (2016) and Mayr (2013), and unfortunately
we do not have anything additional to offer. Having said that, however, we would
like to discuss how to extend our analysis to other uses of superlative modifiers,
which might shed some light on this question.

So far, we have only looked at cases where superlative modifiers combine di-
rectly with a numeral, but superlative modifiers can modify other types of ex-
pressions as well. In fact, it is reasonable to assume that superlative modifiers are
focus sensitive operators themselves. Concretely, in examples like the following,
one observes the usual focus association effects.

(26) a. Andy at least introduced Patrick𝐹 to Tom.
b. Andy at least introduced Patrick to Tom𝐹 .

In order to capture this, we can analyze at least and at most as focus sensitive
operators. As in the case of even, let us assume that the superlative modifiers take
sentential scope, although this assumption is strictly speaking not necessary (cf.
fn. 4).
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(27) a. ⌜at least 𝜙⌝ requires contextually determined partial ordering≤ among
ALT(𝜙), and asserts the grand disjunction of {𝜙′|𝜙 ≤ 𝜙′}.
Furthermore, ALT(at least 𝜙) = {⌜at least 𝜙⌝, ⌜Exh{𝜙′∈ALT(𝜙)|𝜙<𝜙′} 𝜙⌝,
⌜at least 𝜓⌝} where 𝜓 is the grand disjunction of {𝜙′|𝜙 < 𝜙′}.

b. ⌜at most 𝜙⌝ requires contextually determined partial ordering≤ among
ALT(𝜙), and asserts the grand disjunction of {𝜙′|𝜙′ ≤ 𝜙} and the nega-
tion of the grand disjunction of {𝜙″|𝜙 < 𝜙″}.
Furthermore, ALT(at most 𝜙) = {⌜at most 𝜙⌝, ⌜Exh{𝜙′∈ALT(𝜙)|𝜙′<𝜙} 𝜙⌝,
⌜at most 𝜓⌝} where 𝜓 is the grand disjunction of {𝜙′|𝜙′ < 𝜙}.

Exh here is the exhaustivity operator à la Fox (2007). The notion of innocent
exclusion used in its definition is crucial to state the above semantics in a general
way.

(28) ⌜Exh𝐴 𝜙⌝ is true iff 𝜙 is true and all innocently excludable alternatives to
𝜙 with respect to 𝐴 are false.

(29) a. 𝜓 is an innocently excludable alternative to 𝜙 with respect to 𝐴 iff 𝜓 is
a member of every maximal set of excludable alternatives with respect
to 𝜙 and 𝐴.

b. A set 𝑆 is a set of excludable alternatives with respect to 𝜙 and 𝐴 iff
𝑆 ⊆ 𝐴 and 𝜙 and the negation of the grand disjunction of 𝑆 are consis-
tent.

To see how this works, let us apply it to the following example.

(30) Pietro invited at least Daniele𝐹 .

The alternatives to Daniele need to be ordered here in some way. One of the most
natural options here is the following kind of set of alternatives, partially ordered
by generalized entailment.

⎧⎪
⎨⎪⎩

⋮
Pietro invited Danile and Taka and Ruoying, …
Pietro invited Daniele and Taka, …
Pietro invited Daniele, …

⎫⎪
⎬⎪⎭

The assertive meaning only concerns those alternatives that are commensurable
with the prejacent, and so will be that Pietro invited Daniele (and possibly some-
one else), and the ignorance implicature will amount to the speaker’s lack of
certainty whether Pietro only invited Daniele or if he invited someone else.

The analysis also works for cases like the following where the scale is dense.
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(31) a. Daniele is at least [180 cm]𝐹 tall.
b. It at most takes [15 min]𝐹 .

It also works when the scale is not ordered by (generalized) entailment, as in (32).

(32) a. Daniele is at least a [postdoc]𝐹 .
b. Andy won at most the silver𝐹 medal.

Crucially, this analysis predicts the following examples to be infelicitous for the
same reason as numerals with superlative modifiers are incompatible with focus
operators with additive presuppositions, which is a good prediction.

(33) a. # Pietro even invited [at least Daniele𝐹 ]𝐹 .
b. # Pietro also invited [at least Daniele𝐹 ]𝐹 .

5.2 Comparative modifiers

As we saw in several places in this paper, numerals with comparative modifiers
behave differently from numerals with superlative modifiers. Part of this comes
from the fact that numerals with comparative modifiers do not give rise to ro-
bust ignorance implicatures. For example, the following sentences sound more
felicitous than their superlative counterparts.

(34) a. I have more than two kids.
b. I have fewer than three kids.

(35) a. A triangle has more than two sides.
b. A triangle has fewer than four sides.

If numerals with comparative modifiers do not necessarily give rise to ignorance
implicatures, then it is predicted that they should be compatible with focus par-
ticles with additive presuppositions.

However, this matter is not as clearcut as one might hope. That is, the sen-
tences like those above actually do often have have inferences that amount to
something similar to an ignorance implicature or an indifference/irrelevance im-
plicature (Meyer 2013, Lauer 2014). How this arises and what alternatives are
used are interesting questions, but we cannot offer a concrete account here, and
as far as we know, they are currently debated in the literature (see Fox & Hackl
2006, Mayr 2013, Schwarz 2016).

In addition to this question about alternatives, the morphosyntactic difference
between comparative and superlative modifiers is also puzzling. As we discussed
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in the previous subsection, superlative modifiers are focus sensitive operators
and can appear in all sorts of adverbial positions. By contrast, there is no indica-
tion that comparative modifiers are focus sensitive, and in fact their distribution
seems to be more constrained. We are presently not aware of a satisfactory ac-
count of why this is so.

5.3 When even is not additive

The last open issue we would like to mention has to do with the additive presup-
position of even. As mentioned in passing, the additive presupposition of even
sometimes seems to be absent (Rullmann 1997, Crnič 2011). The following is a
well-discussed example of this.

(36) Andy even won the silver𝐹 medal.

This sentence has a reading that does not imply that Andy also won another
medal, although according to Francis (2018), these judgments are not stable
across speakers of English.

As Crnič (2011) discusses in great detail, there is currently no satisfactory ac-
count of exactly when the additive presupposition of even arises, and we have
nothing insightful to add here. Yet, it is our prediction that in the absence of an
additive presupposition, even should be compatible with superlative modifiers.
One might then think that the fact that an example like (37) is infelicitous might
be problematic for our account.

(37) Patrick won the bronze medal. ??Andy even won [at least the silver𝐹 ]𝐹
medal.

However, in the absence of a good understanding of the distribution of the addi-
tive presupposition, we cannot be sure if this example actually lacks an additive
presupposition. In particular, entailment among the focus alternatives might be
one relevant factor that correlates with the presence of additivity, as Crnič (2011)
claims, and if so, the presence of at least in (37) should matter crucially, as with
it, the focus alternatives presumably stand in an entailment relation (cf. the se-
mantics of at least above).7

7An anonymous reviewer asks about examples like I even doubt that one𝐹 person came (cf. Crnič
2011). If the numeral and its alternatives receive lower-bounded readings, then indeed the addi-
tive presupposition would be problematic because the alternatives would be entailed. However,
it is well known that numerals generally can easily receive bilateral readings even in negative
contexts (Geurts 2006, Breheny 2008, among others). With this as an option, such examples
do not pose an issue. For the above example, the additive presupposition would be satisfied
if the speaker doubts that exactly 𝑛 people came for at least one 𝑛 > 1, which seems to be a
reasonable analysis.
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Due to these complications, we cannot offer a conclusive example involving
even, but it should be remarked that nothing rules out the existence of a scalar
particle like even that is never associated with an additive presupposition in a
natural language. For instance, Italian addirittura is a good candidate (Daniele
Panizza, p.c.). If this is the case, we predict it to be compatible with superlative
modifiers. We, however, have left investigation of this for future research.
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Appendix

We saw in the main part of this paper that a numeral with at least is incompatible
with even, as in (1) while a numeral with at most is compatible with only, as in (5).
Our explanation for the former is that the additive presupposition clashes with
the obligatory implicature of at least. For the latter, we could resort to the fact
that only does not trigger an additive presupposition and hence does not cause
a conflict.

We also mentioned in fn. 1, a numeral modified by at least is incompatible with
only and a numeral with at most is incompatible with even, as shown below.

(38) a. I speak five languages. #James only speaks [at least two]𝐹 .
b. I speak two languages. #James even speaks [at most five]𝐹 .

For (38b), we could extend our analysis and maintain that the additive presuppo-
sition clashes with the ignorance implicature, but (38a) is not amenable to this
explanation. Generally, when associating with a quantity expression, only gives
rise to an inference that the relevant quantity is small, so one would expect the
second sentence of (38a) to mean James speaks more than one language, and he
speaks many languages.

We think that examples like these require an entirely different explanation
anyway, because their comparative counterparts are equally unacceptable.

(39) a. I speak five languages. #James only speaks [more than one]𝐹 .
b. I speak two languages. #James even speaks [fewer then six]𝐹 .
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Here is a sketch of a possible analysis. As mentioned above, only associating with
a quantity expression triggers an inference that the named amount is small. Even,
on the other hand, triggers an inference that the named amount is large.

(40) a. James only speaks five𝐹 languages. ⇝ five is a small amount
b. James even speaks five𝐹 languages. ⇝ five is a large amount

There are several accounts of when and how only can trigger such a scalar infer-
ence (Grosz 2012, Coppock & Beaver 2014, Alxatib 2020), which we will not get
into here. For even, the semantics we discussed in §3 can derive a scalar inference
with reasonable assumptions about the flavor of the scalar presupposition and
about the alternatives of numerals.

What seems to us to be going on in the above cases with modified numerals
is that these scalar inferences arise from all numerals in their range. That is, the
scalar inference of (38a)/(39a) is that each 𝑛 > 1 is a small amount, and that of
(38b)/(39b) is that each 𝑛 < 6 is a large amount. We leave open the compositional
details of how these inferences arise from the semantics of the focus operators
andmodified numerals here, but they account for the infelicity of these examples.
Further support for this analysis comes from the following contrast.

(41) Katie speaks four languages, which is a lot.
a. James only speaks [at most two]𝐹 languages.
b. # James only speaks [at most ten]𝐹 languages.
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